Motivated by the possible charge ordering in the recently discovered superconductor Na x CoO 2 yH 2 O, which at filling x =1/3 would correspond to a half-filled honeycomb lattice, we investigate the single-hole dynamics of the t-J model on this lattice. Using exact diagonalization, series expansion, and the self-consistent Born approximation, we calculate the quasiparticle dispersion, bandwidth, and residues and compare our findings to the well-established results for the square lattice. Given the similarities between both lattices, it is not surprising that we find qualitatively similar features for the honeycomb lattice, namely, an almost flat band along the edge of the magnetic Brillouin zone and well-defined hole pockets around the corners. However, we report a considerable disagreement between the three methods used concerning the bandwidth and discuss possible origins of this discrepancy.
I. INTRODUCTION
The study of doped antiferromagnets has been a central subject in the area of strongly correlated electron systems. The pioneering work by Bulaevskii et al. 1 as well as Brinkman and Rice 2 led the way to innumerable works, especially motivated by the discovery of high-temperature superconductors 3 and the suggestion by Anderson 4 that the physics of these materials could be described by a twodimensional Hubbard model on the square lattice with large on-site Coulomb repulsion. In this limit, the Hubbard model can be mapped to the t-J model, 5 which has been shown to describe experimentally determined single-hole properties very accurately, considering t, tЈ, tЉ, and J as independent variables. [6] [7] [8] [9] At half filling, the t-J model reduces to a Heisenberg antiferromagnet because of the single occupancy restriction. The ground state of the Heisenberg model on a bipartite lattice is the quantum Neél state with long-range magnetic order. Doping away from half filling allows the charge carriers to propagate and hence scramble the Néel order, leaving strings of overturned spins behind. A variety of tools has been employed to study the hole motion in an antiferromagnetic background, 10 e.g., exact diagonalizations ͑ED͒, [11] [12] [13] [14] [15] [16] [17] the self-consistent Born approximation ͑SCBA͒, [18] [19] [20] [21] quantum Monte Carlo simulations, [22] [23] [24] and series expansion. 25 In the parameter range relevant for the copper-oxide materials, i.e., J / t Ϸ 0.3, these methods agree reasonably well 23 and the main features emerging are a minimum of the quasiparticle dispersion at ͑
, 2
͒ , with a very flat band along the edges of the Brillouin zone and a practically vanishing quasiparticle residue at ͑ , ͒.
The recent discovery of superconductivity in Na x CoO 2 yH 2 O 26 has heated interest in models on the triangular lattice, to which the SCBA has already been applied. 27, 28 In this material, the two-dimensional CoO 2 planes are separated by insulating layers of Na ions and water molecules. The cobalt ions at the center of the CO 2 octahedra form a triangular lattice. Superconductivity has been observed for doping 0.22ഛ x ഛ 0.47. [29] [30] [31] Spin and charge ordering tendencies in Na x CoO 2 have been addressed recently, [32] [33] [34] [35] and could, at filling x =1/3, lead to an effectively half-filled honeycomb lattice, where hole and electron doping is possible. Estimations for the parameters in the t-J model converge at around J / t Ϸ 0.1− 0.2, 36 slightly smaller than for the copper oxides.
Motivated by the possible application to this superconductor, we investigate the dynamics of a single hole on the honeycomb lattice, using exact diagonalization, series expansion, and the SCBA and compare our findings to wellestablished results for the square lattice. The rest of the paper is organized as follows. In Sec. II, we define the model and introduce the notations for the lattice geometries under consideration. Section III then contains a summary of the most important features of the applied methods. We first consider the simplified t-J z model in Sec. IV with Ising rather than Heisenberg spin interactions where quantum fluctuations are absent and present our main results for the full t-J model in Sec. V. Finally, Sec. VI contains our conclusions.
II. MODEL
The t-J model originates from an effective low-energy description of the Hubbard model in the limit of strong Coulomb repulsion ͑U ӷ t͒, where double occupancy is forbidden and J =4t 2 / U. An accurate treatment of the large-U limit of the Hubbard model 5 leads to correlated hopping terms, which we neglect in this work in order to simplify the discussion. The Hamiltonian therefore reads
with Ising rather than Heisenberg spin interactions. In the absence of spin fluctuations, = 1 in Eq. ͑2͒.
We study the above models on the square and honeycomb lattice. The latter one being not a Bravais lattice, is best described as a triangular lattice with two sites per unit cell. The reciprocal lattice is then again triangular, and the first Brillouin zone is a honeycomb, as shown in Fig. 1 . Highly
͒, and W = ͑ ͒. Similar drawings for the square lattice are shown in Fig. 2 , with the main purpose to introduce the notation for points of special interest ⌫ = ͑0,0͒,
͒ .
III. METHODS
We calculate several single-hole properties, namely, the quasiparticle dispersion, the bandwidth, and the residues, using exact diagonalization and series expansion methods as well as the SCBA. We briefly recall the ideas, advantages, and possible difficulties associated with these three methods.
A. Exact diagonalization
In exact diagonalization, one can rather easily calculate spectral functions directly in real frequency, using the socalled continued-fraction technique. 10, 37 This allows one to obtain unbiased results, including residues, although only on finite-size samples. In special cases, it is possible to calculate single-hole spectral functions for t-J models on samples up to 32 sites, depending on the lattice symmetries. This method has been applied on numerous occasions to obtain singlehole spectral functions, especially for the square lattice. [11] [12] [13] [14] [15] [16] [17] To our knowledge single-hole properties for the honeycomb lattice have not been studied in ED before. In the following, we will mainly present results obtained on N = 18 and N = 24 sites samples. They share the advantage of having the symmetries of the infinite lattice and, furthermore, have the W point in their discrete Brillouin zone, therefore giving a reasonable estimate of the bandwidth. For some quantities, we considered systems up to N = 32 with one hole.
B. Series expansions
The Ising series expansion for the single-hole dispersion of the t-J model has been done previously for the square lattice. 25 To perform the series expansion, one needs to introduce an expansion parameter x and divide the Hamiltonian into an unperturbed part ͑H 0 ͒ and a perturbation ͑V͒ as follows:
with a staggered z field of strength r to improve convergence. This term vanishes in the total Hamiltonian in the isotropic exchange limit x → 1. The Ising part of the exchange, H 0 , forms the unperturbed Hamiltonian, while the perturbation V includes both the hole hopping terms and transverse spin fluctuations. The original Hamiltonian for the t-J model is recovered in the limit x = 1. We expect the series expansion to give more reliable results in the small t / J region, where the perturbation V is less important. The series for the singlehole dispersion has been computed to order x 13 for both the square and honeycomb lattices, involving a list of 325 737 and 28 811 clusters with up to 13 sites, respectively. This extends the previous series for square lattice 25 by only two terms. We also compute the new series for the quasiparticle residue, again to order x 13 . For the t-J z model, one can also form a direct expansion in powers of t / J z . This series has been computed to order ͑t / J z ͒ ͑Ref. 28͒ ͓͑t / J z ͒ ͑Ref. 26͔͒ for the square ͑honeycomb͒ lattice requiring a list of 4 654 284 ͑80 905͒ clusters with up to 15 ͑14͒ sites. Previous results for the t-J z model on the square lattice 25 used expansions of order ͑t / J z ͒ 21 . These series are then extrapolated via standard numerical methods such as Padé or integrated differential approximants 38, 39 to x = 1 for the t − J model or to a given value of t / J z in the case of the t − J z model. They are available from the authors on request.
C. Self-consistent Born approximation
From a general point of view, the SCBA works well for a collinear state whenever vertex corrections are small. In the case of the hole-spin-wave vertex, single-loop corrections are zero and higher-order corrections are small, numerically. 21 Despite its simplicity, the SCBA has the disadvantage that its predictions are not immediately comparable to other methods or experimental results because it distinguishes pseudospin, i.e., holes living on a particular sublattice, rather than spin variables.
Introduction
Let us start this reminder by defining the bare hole opera-
N is the number of sites, and m = ͉͗0͉S i z ͉0͉͘ the average sublattice magnetization, with m Ϸ 0.3 for the square lattice and m Ϸ 0.24 for the honeycomb lattice. We denote the ground state of the undoped antiferromagnet, i.e., the quantum Néel state by ͉0͘. In the Ising case, there is no reduction of the sublattice magnetization due to quantum fluctuations and, therefore, m = 0.5. In this case, ͉0͘ is the classical Néel state. The quasi-momentum k is limited to the magnetic Brillouin zone, and the coefficients in ͑4͒ provide the correct normalization
The retarded hole Green's function is defined as
with the corresponding spectral function
and similar for G d,B ͑⑀ , k͒. For spin excitations, the usual linear spin-wave theory is used. 40 It is convenient to have two types of spin waves, ␣ q † with S z = −1, and ␤ q † with S z = + 1, and q restricted to the magnetic Brillouin zone. The spin operators can then be expressed as
Although spin-wave theory is an expansion in powers of 1/S, its application to the t-J model is restricted to the case S =1/2, because only in this limit is it possible to flip a spin by absorption or emission of a single magnon. We therefore set S = 1 2 from now on. Since the honeycomb lattice lacks inversion symmetry, ␥ q and the parameters of the Bogoliubov transformation are complex
where is the vector to nearest neighbors and ␦ q is the phase of ␥ q . In this notation, the spin-wave dispersion is equal to ⑀ q = JZ /2 q . Hopping to a nearest neighbor in the Hamiltonian ͑1͒ gives an interaction of the hole with spin waves
using the usual mean-field ground-state factorization approximation
For a collinear state, the interaction ͑6͒ forbids singleloop corrections to the hole-spin-wave vertex and it has been shown that two and higher-order loop corrections, which correspond to Trugman processes, 41 are small. 20, 21 This justifies the SCBA for J min ഛ J / t Ӷ 1 according to which the hole Green's function satisfies the Dyson equation
Clearly, there is a J min below which the ground state of the system is found in the sector ͉S tot z ͉ Ͼ 1 because, in the limit J / t → 0, the Nagaoka theorem applies, predicting a completely polarized ground state. A density-matrix renormalization group calculation 42 for the square lattice with up to 9 ϫ 9 sites estimates J min / t Ϸ 0.02− 0.03.
Because of the definition of the operators ͑4͒, the Green's function ͑5͒ is invariant under translation with the inverse vector of the magnetic sublattice Q 
SCBA and ARPES experiments
As explained in detail in Ref. 9 , the imaginary part of the hole Green's function G d is not directly measurable in ARPES experiments because the incoming photon does not distinguish the sublattices. For comparison to experiments, we define an annihilation operator with given spin
The summation extends over all N sites, and k is the momentum of the free photoelectron detected in the experiment, i.e., it is not restricted to the Brillouin zone. The normalization is chosen to fulfill ͗0͉c k
In this high-energy approximation, every site is regarded as the possible origin of the emission of a free photoelectron. For the square lattice, this definition coincides with the normal Fourier transformation; but for the honeycomb lattice, this is not the case, since the full lattice is not a Bravais lattice. Equation ͑8͒ can therefore not be inverted, in general. The spectral function measured in ARPES corresponds to the imaginary part of the retarded Green's function
The operator c k,↓ acting on the quantum Néel state can either produce a single-hole state, by removing an electron with spin = ↓ from sublattice B, or it can produce a hole plus spin-wave state, by removing such an electron from sublattice A. We adopt the notation of Ref. 9 and denote the corresponding amplitudes by a k and b k,q , respectively,
These vertices are shown in Fig. 3 and afterwards are used in Fig. 4 to derive the Dyson equation for the Green's function of a hole with fixed spin G c . In analytical form, the Green's function G c ͑9͒ is given by
͑10͒
The numerical solution of ͑7͒ is straightforward. We replace i0 by 0.05i and use 32ϫ 32 points in the Brillouin zone and an energy interval ⌬⑀ ഛ 0.002 to carry out the iterations. Convergence is reached after around 50 iterations for small values of J / t. G c is subsequently calculated according to Eq. ͑10͒. Figures 5͑a͒ and 5͑b͒ show the spectral functions A d and A c for a hole on the square lattice with J / t = 0.3, and on the honeycomb lattice with J / t = 0.2, respectively. A hole with fixed spin G c has the same dispersion as a hole linked to a particular sublattice G d , but clearly, the areas under the peaks are different. A discussion of the origin of these peaks and a comparison to ED calculations is presented in Sec. V B. At this point, it seems useful to comment on the physical difference between the two Green's functions. The electron creation operator c k, † does not correspond to a true quasiparticle of the system with long-range antiferromagnetic order because the spin is not conserved. However, the hole creation operator associated with a particular sublattice d k,A/B † is well defined in this case and the quasiparticle residue corresponds to the area under the peak of the spectral function. In contrast, exact diagonalization and series expansion do not rely on the existence of long-range order and give direct access to the Green's function G c . Although there is no ambiguity concerning the single-hole dispersion, one has to be careful comparing residues, which we define as
where ⑀ p is the cutoff chosen to include only the lowest-lying peak. This definition has the disadvantage that ⑀ p is not well defined and that the tails of higher excitations are also taken into account. To circumvent these problems, we make the assumption of Lorentzian peaks and easily deduce the residue. Let us finally mention the finite-size effects that come into play in the calculation of G c . For the hole Green's function with fixed pseudospin, G d , grids with more than 32 ϫ 32 points in the Brillouin zone yield essentially the same results and the energy grid with ⌬⑀ = 0.002 fulfills the sum rule with good accuracy, i.e. the error is smaller than 0.5%.
As can be deduced from the sum rules, 9 the situation is more subtle in the case of G c
Clearly, a grid of only 32ϫ 32 points in the Brillouin zone does not lead to m = 1 2 − 2 N ͚ q ͉v q ͉ 2 Ϸ 0.24, and the error in the sum rule is of around 3%. We solve this problem by choosing m according to the grid, i.e., m 32 Ϸ 0.26.
J / t \ 0 limit
Below J min / t, the ground state is found in the sector ͉S tot z ͉ Ͼ 1, which cannot be accessed within the SCBA. In other words, in this limit, the "string" picture is no longer valid and the hole energy is minimized by a ferromagnetic "spin bag," in which the hole can hop without modifying the background. For a circular bag with radius R ӷ a = 1, the hole energy is given by 43 E 0 = − Zt + ͱ Jt, where = 8.53 and = 5.61 for the square and honeycomb lattices, respectively. We would like to point out that these considerations are only valid in the case of the t-J model, because in the absence of quantum fluctuations, it is energetically favorable to align the spins in the plane perpendicular to the quantization axis. 42 The single-hole ground state therefore carries a total spin S tot z =0.
SCBA for the t-J z model
In the SCBA for the Ising case ͑3͒, the Bogoliubov parameters and the dispersion are given by u q =1, v q = 0, and ⑀ q = J z Z / 2. The Dyson equation ͑7͒ therefore becomes momentum independent
and can be solved analytically 44 
ͪ
.
͑12͒
Here, J ͑x͒ is a Bessel function of the first kind. Note that the solution ͑12͒ is not an exact solution of the t-J z model. The hole, dispersionless in the SCBA, is mobile even in the absence of quantum fluctuations due to Trugman processes. 41 The simplest one corresponds to the hole motion around an elementary plaquette of the lattice and effectively leads to the propagation of the hole to a next-nearest neighbor without leaving overturned spins behind. These processes are of sixth and tenth order in t / J z for the square and the honeycomb lattice, respectively, and therefore negligible. More im- portantly, it was shown in Ref. 45 using a diagrammatic study, that the inclusion of higher-order terms ͑nonlinear hole-magnon, static hole-magnon, direct hole-hole, and magnon-magnon͒ can lead to substantially different results. The intuitive picture emerging from that work is as follows: the dynamic hole-magnon interaction considered in the Dyson equation ͑11͒ does not take into account the presence of the hole, which reduces the number of possible sites the hole can hop to and also the energy associated with a flipped spin. In a first step, the hole can hop to Z nearest neighbors, leaving a flipped spin with energy J z ͑Z −1͒ / 2 behind. For the second hopping, there are only Z − 1 possible targets and flipping a spin costs an energy J z ͑Z −2͒ / 2. The Dyson equation ͑11͒, therefore, has to be replaced by square lattice it is only 4%. Note that for J z / t ഛ 0.1, the direct extrapolation of the series expansion starts to spread out and we remedy this problem by assuming an asymptotic behavior of the energy similar to that found in the SCBA.
V. RESULTS FOR THE t-J MODEL
The t-J model on the square lattice has been the object of numerous studies, involving many different methods. In order to compare our findings for the honeycomb lattice to the well-known calculations for the square lattice, we briefly review some of these previous results and, in addition, present a calculation of the quasiparticle residue using series expansion.
A. Square lattice Figure 8͑a͒ shows the contour plot of the single-hole dispersion of the t-J model on the square lattice for J / t = 0.3. One clearly identifies four hole pockets centered at
͒ , which are stretched along the face of the magnetic Brillouin zone. The maximum is found at ⌫ = ͑0,0͒. The dispersion along ⌫MS⌫ is shown in Fig. 8͑b͒ . Apart from a global offset, series expansion and SCBA agree perfectly well. The main features, namely, the dispersion minimum at S and the flat band along the edge of the magnetic Brillouin zone already emerge by applying second order perturbation theory and can therefore be described by hopping to next-nearest neighbors, i.e., hopping inside a given sublattice. Above J / t Ϸ 0.4, the dispersion can thus be fitted by
Compared to the t-J z model, where only hopping to next-nearest neighbors along the diagonals are relevant and hence B = 0, the dispersion extrema are shifted from M to S and the overall shape changes substantially. For smaller values of J / t, the hole can hop further and additional hopping terms have to be taken into account. These contributions lead to more pronounced hole pockets. The agreement between the SCBA and series expansion is very good up to J / t Ϸ 0.7, as can be seen in Fig. 8͑c͒ , showing the bandwidth as a function of J / t. The static magnon-hole interaction becomes more important with increasing J / t, and its neglect leads to the observed underestimation of the bandwidth in the SCBA. The residues Z c ͑k͒ for the t-J model on the square lattice for J / t = 0.3 are shown in Fig. 8͑d͒ . The main characteristic obtained via series expansion and SCBA is the almost complete suppression of the quasiparticle weight at X.
B. Honeyomb lattice
Let us start this paragraph by examining the single-hole spectral functions for the honeycomb lattice shown in Fig. 9 . For the square lattice, extensive discussions on this topic can be found in Refs. 20 and 21. Throughout the hole Brillouin zone, there is a well-defined quasiparticle ground state. Apart from a global energy shift, ED and the SCBA lead to similar results concerning the weight and shape of this lowest-lying peak. However, the structure of the excited states is different. The SCBA predicts several well-pronounced quasiparticle excitations ͑which can be explained according to the "string picture" developed for the t-J z model͒, whereas ED results show a rather featureless incoherent tail for k = K , L , W and a second dominant peak at much higher energies at k = ⌫ , L. Given the simplicity of the SCBA, the overall agreement of the spectral functions is, in our opinion, quite remarkable, especially when focusing on ground-state properties. ͒, and the maximum is found at ⌫ = ͑0,0͒.
The dispersion along the irreducible wedge ⌫KW⌫ is shown in Fig. 10͑b͒ . Similar to the square lattice, one finds a very flat band along the edge of the Brillouin zone. Above J / t Ϸ 0.7, the dispersion is well described by next-nearest-neighbor hopping E͑k͒ = A͓2 cos͑ ͱ 3k y ͒ + 4 cos͑ ͱ 3/2k y ͒cos͑3/2k x ͔͒ + C. Below J / t Ϸ 0.7 further hopping terms become increasingly important and lead to more pronounced hole pockets, analogous to the square lattice. As can be seen in Fig. 10͑b͒ , the overall shape of the dispersion is very similar in ED calculations, the SCBA, and series expansion. However, there is a discrepancy concerning the bandwidth: although ED ͑with up to 32 sites͒ and the SCBA lead to quantitatively similar results for J / t ഛ 0.3, series expansion predicts a substantially larger bandwidth, see Fig.  10͑c͒ . From a general point of view, the validity of the SCBA is limited to small J / t, where the neglected holemagnon interactions are small. The results for the t-J z model imply that these corrections are more important for the honeycomb lattice than for the square lattice because of the reduced number of nearest neighbors. This implication is confirmed by the good agreement with ED calculations for J / t ഛ 0.3. Still, the noticeably larger bandwidth obtained by series expansion is quite puzzling. It seems that the difference is essentially due to the very steep band crossing the Brillouin zone from ⌫ to K and W because the flat part along the edge from K to W practically coincides with ED and the SCBA. Interestingly, the three methods lead to almost identical results for the quasi-particle weight shown in Fig. 10͑d͒ . Analogous to the square lattice, the weight is substantially reduced but still finite at L. In view of the noticeably different predictions concerning the bandwidth, it would be interesting to compare these results to quantum Monte Carlo calculations, which could elucidate the problem from a different point of view. ͒.
͑b͒ Dispersion for J / t = 0.2 along the irreducible wedge of the Brillouin zone, see Fig. 1 for notations. The overall shape of the dispersion is the same for all three methods, and essentially due to hopping to next-nearest neighbors, but series expansion predicts a substantially larger bandwidth. ͑c͒ Bandwidth W / t as a function of J / t. The SCBA is valid only at small J / t, where it agrees well with ED. ͑d͒ Quasiparticle residue Z c for J / t = 0.2.
VI. CONCLUSION
For the first time, we have calculated single-hole properties of both the t-J z and the t-J model on the honeycomb lattice using exact diagonalization, series expansion methods, and the self-consistent Born approximation. We restrict our analysis to the physically relevant regime J / t ഛ 1. Analogous to calculations for the very similar square lattice, we find an almost flat quasiparticle band along the edge of the magnetic Brillouin zone and circular hole pockets in the corners. The spectral functions show well-defined quasiparticle peaks at the bottom of the spectrum throughout the whole Brillouin zone. We find a good agreement between the three methods applied concerning the shape of the single-hole dispersion and the quasiparticle weight. An analysis of the bandwidth clearly shows that the self-consistent Born approximation is quite accurate for J / t Շ 0.3, but leads to a substantial underestimation of the bandwidth for larger J / t. Series expansion, on the other hand, seems to overestimate the bandwidth in the small J / t region. It is likely that this bandwidth disagreement is due to the reduced "dimensionality" of the honeycomb lattice, because the number of nearest neighbors ͑Z =3͒ lies between the square lattice ͑Z =4͒ and the linear chain ͑Z =2͒. This makes the problem especially interesting and a Monte Carlo calculation would be very helpful to finalize the findings of the present work.
